We enumerate all dissections of an equilateral triangle into smaller equilateral triangles up to size 20, where each triangle has integer side lengths. A perfect dissection has no two triangles of the same side, counting up-and down-oriented triangles as different. We computationally prove W. T. Tutte's conjecture that the smallest perfect dissection has size 15 and we find all perfect dissections up to size 20.
Introduction
We are concerned with the following problem: given an equilateral triangle Σ, find all dissections of Σ into smaller nonoverlapping equilateral triangles. The size of a dissection is the number of nonoverlapping equilateral triangles. An example of such a dissection of size 10 is shown in Figure 1 . It is well known that in such a dissection all triangles may be regarded as triangles with sides of integer length. Dissections of squares have been studied earlier [3] as well as dissections of squares into right-angled isosceles triangles [16] . Recently, Laczkovich [15] studied tilings of polygons by similar triangles. The earliest study of dissections of equilateral triangles into equilateral triangles is by Tutte [19] . The problem of dissecting a triangle is different to normal tiling problems where the size of the tiles is known in advance and the tiling area may be infinite. A naive approach to enumerating dissections is to first fix the sizes and number of the dissecting triangles. Observe that in any dissection, some triangles will be oriented in the same way as the triangle Σ (these are the up-triangles) while the oppositely oriented triangles are the down-triangles. Let u s and d s be the number of up and down triangles of side length s, respectively. For any down-triangle the horizontal side is adjacent to the horizontal side of some number of up-triangles. The up-triangles along the bottom of Σ are not adjacent to any down-triangle. So if the triangle Σ has side length n ∈ N then s su s = s sd s + n.
(
A triangle with length s has height √ 3s/2 and so the triangle areas give the relation
For small values of n we can solve (1) and (2) for the permissible size and number of up and down triangles, and this data may guide an exhaustive search. We will consider up and down triangles not to be congruent even if they are of the same size. A perfect tiling or perfect dissection has no pair of congruent triangles. This definition of a perfect dissection arises from the fact that it is impossible to have a perfect dissection if orientation is ignored [3] . This fact can also easily derived from the results in [10] . Tutte conjectured [3, 19] that the smallest perfect dissection has size 15 (see also [18] ). Unfortunately solving (1) and (2) with n = 15 is computationally intensive and so another approach is needed. Using our enumerative methods we confirm Tutte's conjecture and provide all perfect dissections up to size 20. Lines parallel to the outer sides of the main triangle that are induced by a side of a dissecting triangle are dissecting lines. For any dissecting line l, the union of all sides of dissecting triangles that are incident to l forms one or more contiguous segments. If there are two or more segments, then on l there exist two dissecting vertices such that all triangles in between are cut by the line into two parts. If such a situation arises for no dissecting line and if no dissecting vertex is incident to six dissecting triangles, then we call the dissection separated. We enumerate all isomorphism classes of separated and nonseparated dissections up to size 20.
Dissections and latin bitrades
The connection between equilateral triangle dissections and latin bitrades was first studied in [10] . The presentation here follows [11] . Consider an equilateral triangle Σ that is dissected into a finite number of equilateral triangles. Dissections will be always assumed to be nontrivial so the number of dissecting triangles is at least four. Denote by a, b and c the lines induced by the sides of Σ. Each side of a dissecting triangle has to be parallel to one of a, b, or c. If X is a vertex of a dissecting triangle, then X is a vertex of exactly one, three or six dissecting triangles. Suppose that there is no vertex with six triangles and consider triples (u, v, w) of lines that are parallel to a, b and c, respectively, and meet in a vertex of a dissecting triangle that is not a vertex of Σ. The set of all these triples together with the triple (a, b, c) will be denoted by T * , and by T we shall denote the set of all triples (u, v, w) of lines that are yielded by sides of a dissecting triangle (where u, v and w are again parallel to a, b and c, respectively). The following conditions hold:
(R1) Sets T * and T are disjoint; (R2) for all (p 1 , p 2 , p 3 ) ∈ T * and all r, s ∈ {1, 2, 3}, r = s, there exists exactly one (q 1 , q 2 , q 3 ) ∈ T with p r = q r and p s = q s ; and (R3) for all (q 1 , q 2 , q 3 ) ∈ T and all r, s ∈ {1, 2, 3}, r = s, there exists exactly one (p 1 , p 2 , p 3 ) ∈ T * with q r = p r and q s = p s .
Note that (R2) would not be true if there had existed six dissecting triangles with a common vertex. Conditions (R1-3) are, in fact, axioms of a combinatorial object called latin bitrades [6, p. 148] . A bitrade is usually denoted (T * , T ). Observe that the bitrade (T * , T ) associated with a dissection encodes qualitative (structural) information about the segments and intersections of segments in the dissection. The sizes and number of dissecting triangles can be recovered by solving a system of equations derived from the bitrade (see below).
Dissections are related to a class of latin bitrades with genus 0. To calculate the genus of a bitrade we use a permutation representation to construct an oriented combinatorial surface [9, 12, 8] . For r ∈ {1, 2, 3}, define the map β r : T → T * where (a 1 , a 2 , a 3 )β r = (b 1 , b 2 , b 3 ) if and only if a r = b r and a i = b i for i = r. By (R1-3) each β r is a bijection. Then τ 1 , τ 2 , τ 3 : T * → T * are defined by
We refer to [τ 1 , τ 2 , τ 3 ] as the τ i representation. To get a combinatorial surface from a bitrade we use the following construction:
be the representation for a bitrade where the τ i act on the set Ω. Define vertex, directed edge, and face sets by:
where (x 1 , x 2 , . . . , x k ) denotes a face with k directed edges (
The first set in the definition of F is the set of triangular faces, while the other three are the τ i faces. Assign triangular faces a positive (anticlockwise) orientation, and assign τ i faces negative (clockwise) orientation. Now glue the faces together where they share a common directed edge xτ i = y, ensuring that edges come together with opposite orientation.
The orientation of a triangular face is shown in Figure 2 along with the orientation for a τ i face. For the sake of concreteness we have illustrated a 6-cycle face due to a 6-cycle of τ 1 . Figure 3 shows the rotation scheme for an arbitrary vertex in the surface. For a bitrade T = (T * , T ) with representation [τ 1 , τ 2 , τ 3 ] on the set Ω, define order(T ) = z(τ 1 ) + z(τ 2 ) + z(τ 3 ), the total number of cycles, and size(T ) = |Ω|, the total number of points that the τ i act on. By some basic 
where g is the genus of the combinatorial surface. We say that the bitrade T has genus g. A spherical bitrade has genus 0.
Example 2.2. The following bitrade is spherical:
Here, the τ i representation is where the triples ijk refer to entries (i, j, k) ∈ T * .
We will generally assume that a bitrade is separated, that is, each row, column, and symbol is in bijection with a cycle of τ 1 , τ 2 , and τ 3 , respectively.
We now describe how to go from a separated spherical latin bitrade to a triangle dissection (for more details see [11] ). Let T = (T * a 2 , a 3 ) and (b 1 , b 2 , b 3 ) ∈ T * . The theorem below shows that if T is a spherical latin bitrade then Eq(T, a) always has a unique solution in the rationals. The pair (T, a) will be called a pointed bitrade.
Writer i ,c j ,s k for the solutions in Eq(T, a) for row variable r i , column variable c j , and symbol variable s k , respectively. We say that a solution to Eq(T, a) is separated ifr i =r i whenever i = i (and similar for columns and symbols).
For each entry c = (c 1 , c 2 , c 3 ) ∈ T we form the triangle ∆(c, a) which is bounded by the lines y =c 1 , x =c 2 , x + y =c 3 . Of course, it is not clear that ∆ is really a triangle, i. e. that the three lines do not meet in a single point. If this happens, then we shall say that ∆(c, a) degenerates. Let ∆(T, a) denote the subset of T such that ∆(c, a) does not degenerate.
A separated dissection with m vertices corresponds to a separated spherical bitrade (T * , T ) where T * = m − 2. One of the main results of [11] is the following theorem:
Theorem 2.3 ([11]
). Let T = (T * , T ) be a spherical latin bitrade, and suppose that a = (a 1 , a 2 , a 3 ) ∈ T * is a triple such that the solution to Eq(T, a) is separated. Then the set of all triangles ∆(c, a), c ∈ T , dissects the triangle Σ = {(x, y); x ≥ 0, y ≥ 0 and x + y ≤ 1}. This dissection is separated.
An equilateral dissection can be obtained by applying the transformation (x, y) → (y/2 + x, √ 3y/2).
Example 2.4. Consider the following spherical bitrade (T * , T ):
Let a = (a 1 , a 2 , a 3 ) = (r 0 , c 0 , s 4 ). Then the system of equations Eq(T, a) has the solution The dissection is shown in Figure 4 . Entries of T correspond to triangles in the dissection. For example, (r 0 , c 0 , s 0 ) ∈ T is the triangle bounded by the lines y =r 0 = 0, x =c 0 = 0, x + y =s 0 = 5/14 while (r 1 , c 3 , s 2 ) ∈ T * corresponds to the intersection of the lines y =r 1 = 2/7, x =c 3 = 3/7, x + y =s 2 = 5/7. Remark 2.5. Suppose that the dissection Σ has no vertex of degree 6. Pick a vertex X of degree 4. If we move to the right along the row segment to the next vertex X then we have Xτ 1 = X . Similarly, moving along the diagonal segments gives the action of τ 2 and τ 3 . If we identify the three vertices of degree 2 then the dissection encodes, geometrically, the permutation representation of the bitrade.
If a dissection has a vertex of degree 6 then the dissecting triangles do not (uniquely) define a partial latin square and hence do not encode a latin bitrade. However, we can recover a separated bitrade by the following procedure. For each vertex X of degree 6, choose one segment (say, the r i segment) to stay fixed. Then for the c j and s k segments, label the column segment below X with a new name c and label the symbol segment below X with a new name s . For example, the centre vertex in Figure 5 results in the new labels c 3 and s 3 . The resulting separated bitrade is:
This procedure works for any number of vertices of degree 6, as long as care is taken to only relabel column or symbol segments below a vertex of degree 6 and not to relabel a segment more than once. Recently Theorem 2.3 has been strengthened to cover nonseparated as well as separated dissections: Theorem 2.6 ( [7] ). Let T = (T * , T ) be a spherical latin bitrade. Then for any a = (a 1 , a 2 , a 3 ) ∈ T * , the set ∆(T, a) of non-degenerate triangles dissects the triangle Σ = {(x, y); x ≥ 0, y ≥ 0 and x + y ≤ 1}. The dissection may not be separated.
A fundamental consequence of the theorem is that any dissection of size s can be derived from a pointed spherical bitrade (T, a) of size s. Note that the systems of equations Eq(T, a) have also other applications: both [5] and [11] use them to show that every spherical latin trade can be embedded into a finite abelian group. 
Computational results
Cavenagh and Lisoněk [4] showed that spherical bitrades are equivalent to planar Eulerian triangulations. To enumerate triangle dissections we use plantri [1, 2] to enumerate all planar Eulerian triangulations up to size 20 (we also note that in [20] all trades and bitrades have been enumerated up size 19). We wrote a plugin [13] to output the equivalent spherical latin bitrade (U * , U ) for each triangulation. For each such (U * , U ) we find all solutions Eq(T, a) for all a ∈ T * and compute each dissection (in practise this is a list of triangles ∆(c, a) for each c = (c 1 , c 2 , c 3 ) ∈ T ). To filter out isomorphic dissections we apply all six elements of the symmetry group for a unit-side equilateral triangle (identity, two rotations, and three reflections). The canonical signature of a dissection ∆(T, a) is the ordered list [(x, y) | (x, y) is a vertex of ∆(T, a)]. We repeat the whole process for the bitrade (U , U * ) because there are spherical latin bitrades where (U * , U ) is not isomorphic to (U , U * ). The final counts for the number of dissections up to isomorphism are found by simply removing duplicate signatures.
While the solutions to Eq(T, a) exist in the rationals, we find it easier to work with the final equilateral dissections instead. We use the SymPy package [17] to perform exact symbolic arithmetic on the canonical form of each dissection.
Dissections and automorphism groups
Using Theorems 2.3 and 2.6 we have enumerated the number of isomorphism classes of dissections of size n ≤ 20. We also record A(n, k), the number of dissections of size n with automorphism group of order k. See Figures 6 and  7 for the data.
The referee raised the question of asymptotic behaviour. Let us denote by d n the number of all dissections of size n. Thus d 4 = 1, . . . , d 13 = 574, . . . , d 20 = 2674753. There are some reasons to believe that d n can be estimated as σ(n) n , where σ(n) is a slowly growing function. The asymptotic behaviour of σ(n) is not clear yet and is a subject of ongoing research. Note however that d n ≥ e n = (3.43) n−8 for every n / ∈ {18, 19} such that 8 ≤ n ≤ 20. If we put µ n = e n /d n , then in this interval the approximate values of µ n are 0. 
Perfect dissections
Using our enumeration code we can confirm W. T. Tutte's conjecture [3, 19] that the smallest perfect dissection has size 15 (see Figure 8) . The perfect dissections of size 16 and 17 are shown in Figures 9 and 10 . The perfect dissections of size up to 20 are available in PDF format [14] . The following table summarises the known number of isomorphism classes of perfect dissections: dissections  15  2  16  2  17  6  18  23  19  64  20 181
It is an open problem to determine if there exists a nonseparated perfect dissection. If such a dissection exists then it will have size greater than 20. 1  11  55  47  8  0  0  12  161  146  15  0  0  13  478  460  17  0  1  14  1496  1459  37  0  0  15  4804  4746  58  0  0  16  15589  15506  82  0  1  17  51377  51223  154  0  0  18  172162  171923  239  0  0  19  583810  583426  383  0  1  20  1998407  1997752 
Other observations
There exist bitrades of size n ≥ 10 for which there is no separated dissection of size n. The following table shows a sample of these bitrades, giving the sizes of all possible dissections for the particular bitrade of size n.
n size of possible dissections 10 4, 7 12 4, 7, 8, 9 12 4, 9, 11 12 4, 11 12 6, 9 12 9 12 11 13 4, 7 13 4, 7, 9, 10 13 4, 7, 10 13 4, 9, 10, 12 13 4, 11, 12 13 9, 10, 12 13 10, 11 A trivial dissection has triangles of only one size. Apart from n = 4, all trivial dissections are nonseparated. The following table lists lower bounds on the number of bitrades that give rise to the (unique) separated dissection of size n (naturally we allow for nonseparated solutions to find these trivial dissections).
n lower bound on number of source bitrades 4 2380591 8 111890 13 1321 
